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History

* Interaction cohomology of forward and backward self-similar systems

« Hiroki Sumi; Research Institute for Mathematical Sciences; 2009
* Forward systems: (L, h;) where h;: L — L continuous map such that L =U h;(L)
* Introduce new invariant
* The cohomology for Wu characteristic
« Oliver Knill; arXiv; 2018
» Different construction for interaction cohomology on finite simplicial complexes
* Connection to Wu characteristic
* Interaction homotopy and interaction homology
« Jian Liu, Dong Chen, Guo-Wei Wei; arXiv; 2023
* Introduce concept of interaction spaces and build homotopy and homology theories
e Persistent Interaction Topology in Data Analysis
« Jian Liu, Dong Chen, Guo-Wei Wei; Foundation of Data Science; 2024

* Build TDA tool for interaction spaces
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Interaction space SR
4 # :5: H : ;—::1‘7&\
« An interaction space (X, {X;},<;<x) is a topological /w" X
space with covering. N AN )Y
« A morphism of n-interaction spaces is a family of WAL TN
continuous maps of topological spaces \1
f ={fi}i<i<kX = Y so that f;: X; - Y; satisfying: S e
i fl(xl) = f](xj) S X =X where x; € X;, Xj € X] Open CD\;{;F

» The condition enforces structure-preserving maps
* filXi\ X)) c Y\ Y
° f"l(XlnXJ)CYlnYJande(XlnX])chnY]
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Interaction Homotopy

Definition 2.1. Let f,g: (X,{Xi}i<i<n) = (Y, {Yi}1<i<n) be morphisms of interaction spaces.
We say that f and g are formal homotopic, denoted by f ~ g, if there exists a morphism of interaction
spaces H : (X x I, {X; x I'}1<i<n) = (Y, {Yi}1<i<n) such that H(z,0) = f and H(z,1) =g for allz € X.
We say f is homotopic to g if there are a family of formal homotopies f ~ f; ~ ... ~ fr ~ g connecting
f and g, denoted by f ~ g.

Definition 2.2. A morphism of interaction spaces f : (X,{Xi}i1<i<n) = (Y,{Yi}i<i<n) is @ homotopy
equivalence f there exists a morphism of interaction spaces g : (Y,{Yi}i<i<n) = (X, {Xi}i<i<n) such that
fogr~idlyvihigicn) and go f ~idlxxihgicn)-
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Observation 1: Not transitive

, Y=Y, =Y,
Formal homotopy is X 172
« Reflective
* Symmetric X4 fl
» Not transitive g1
X, f2
92

If f ={f1, 2} = g = {g1, g2} then
Hy(x1,0) = f1(x1), H1 (x4, 1) = g1(x1)
Hy(x3,0) = f5(x2), Hy(x2,1) = g2(x3)

Hi(x1,1) = g1(x1) = fo(x3) = Hy(x2,0) = x1 = x5 f#g
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Observation 1: Not transitive
X Y=Y, =Y,

Formal homotopy is

« Reflective

* Symmetric X4
* Not transitive

Let f = {f1, f2}, h = {f1, g2} then
Fi(x,t) = fi(x), F,(x, t) = (1 — ) f2(x) + tg,(x)
= f=h

Let g = {g1, 92}, h = {f1, 9.}, then

G (x, t) = (1 —t)g1(x) + tf1(x), Fo(x,t) = go(x)
>h=x=g

>fxxhxg=>f~gbutf=g
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Observation 2:

Let f,g: (X, {Xi}i<i<n) = (Y, {Yi}1<i<n) be morphisms of interaction spaces. If f ~ g : (X, {X;}1<i<n) =
(Y,{Yi}1<i<n), then one has f; ~ g; : X; — Y; for each 1 < ¢ < n. However, the converse is not always true.
Indeed, the homotopy H; : X; X I — Y; from f; : X; = Y; tog; : X; = Y; for 1 <4 < n does not always
extend to a morphism of interaction spaces.

(z y) (z,y), f2(0,y) = (0,y),

= 1=01,/2= 92
x 2(0,y) = 1—9y2y
/—> <|> (=lz|, ), 92(0,y) = (v/

X@ f ~g=H={H{,H,}s.t.
. Hi(u,0) = fi(w), H;(u, 1) = g1(w)
S~ Q Hy(v,0) = f,(v), Hy(v, 1) = g,(v)
Let u = (1,0),v = (0,0)
Hy(u,0) = (1,0),H;(u, 1) = (—1,0)
H,(v,0) = (0,0), Hy(v,1) = (1,0)
H,(u,0) = Hy(v,1)



(i\ MICHIGAN STATE UNIVERSITY

Standard Singular Homology vs Interaction Singular Homology

(X,{X;}1<i<x) an interaction space

= S.(X;) =2&; S.(X;) chain complex

The interaction(py, ***, Px)-simplex

., 4, a (o1, Qk)

LS XS0 SKHN 3 S0 T Ak

i $,00 > Sy (X) e e

o dn — Z’lﬂzo(_l)lain Zizl(_1)dimal+---+dimai_101 R Rdo; @ - oy
© 9{'([vo, -, vnl) = [vg,, Dy, V] Singular Interaction Homology:

Singular homology: = Hp(IXi}) = Ha(IS.((Xi}0)

= Where IS,({X;};) is interaction singular
* Hn(X) = Zn(X) / Bp(X) chain complex

X topological space

p-simplex : g,: AP - X

Singular Chain complex:



Interaction Singular Complex

SelX1)  Be(Xa) BipimnSi( K1) B 5;(Xa)
(X)) S(Xa)  So(X1)® Sa(Xa)) @ (51(X1) @ S (X)) @ (SalX1) © SalX2))
dz dy
X 5 [:".'-z} (SolX1) ® S1{Xz)) @ (51(X1) @ Sa(Xa))
d d)
SalX1)  Sa(Xa) Sa(X1) ® SaXa)
dg dy
i 0 i

Tensor product of all complexes

& S. (X))

X, {Xi}1<i<k) an
interaction space
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By |—|:dl;|':,-1|:-l] A IE"| [-.Il:-:l].'rrk[.}:j xj:l

[Fhip i Sl X ) & 55 Xa) )/ Tl X, Xa)

[Bit =25 X1 ) ® 5;{Xz2))/Ti{X1, X2)

[HitjmaSi{ X1 ) & 5;(Xa))/Ta( X1, Xa)

0

Submodule T, ({X;};) where ng; = @

d(T*({Xi}i)) cT. ({Xi}i)

Interaction Chain Complex

1S.({X:}) =® S.(X)) / T.AX3)



fi\ MICHIGAN STATE UNIVERSITY

Interaction homology and homology of a total complex

Definition. A bicomplex (or double complex) is an ordered triple (M, d’, d"),

where M = (M, ;) is abigraded module, d’, d”: M — M are differentials of
bidegree (—1, 0) and (0, —1), respectively (so that d’d’ = 0 and d"d" = 0),
and

! " !
dp,q—ld +d lqdpq 0.

Definition. If M is a bicomplex, then its total complex, denoted by Tot(M),
is the complex with nth term

TotM), = @D M,,
p+q=n
and with differentials D, : Tot(M), — Tot(M),—_; given by

H_Z( d.rr

pt+q=n

In our case M, , = S,(X1) @ S,(X3)

Fig. 10.1 Bicomplex.

P

n—=I1=p+q n=p+q

Fig. 10.2 Total complex.
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Interaction homology and homology of a total complex

S,)

» Total complex for first quadrant
bi-complex is the tensor product

SalXz)

Dy:ap®by > Aap®by;+ (—=1)Pap, ® Ajb,

51 (Xz) . . .
* Collapse a bi-graded into a single
complex
» In generalized version, the following
Syl Xz)

helps us to reduce the information
into single complex

S.[Xz)
Hol X1 HiiXy) S Xy}

Aoy @+ ® ) = Y (~Ddmer+ +imoiig, @ ... @ doy @ -
i=1
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Example on simplicial complex

X, = {{UO}a {Ul}a {U2}= {US}a {'UO: 'Ul}a {'UO: 'U2}= {’U{), US}}:' Xo = {{UO}}

1
5.0%,)
{s, i } @ oug
o & i {4, 17 } =g - { :, .
| 7 it &ty e i
5"[.'-!':3] :1 z :::: -I gl|-|_1.~£} ity ] (2] i EL]
,.- s Lo ‘I I'.'r|.'i"_1_:| &= iy
v @ty .t} By 65 IS (X0 X))
Sol Xy) SX) TE XK, X)) IT5(X. X2} vO
() U3

di1({vg, v1} Q@ vp) = d%({vo; 1) Q vy + (D Hvp, v} ® d%(vo)
= (11—v0) @ v + (=D {vp, v} ® 0
=U1®UO—U0®UO =—U0®U0
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Example on simplicial complex

X, = {{UO}a {Ul}a {U2}= {US}a {'UO: 'Ul}a {'UO: 'U2}= {’U{), US}}:' Xo = {{UO}}

1
5.0%,)
{s, i } @ oug
o & i {4, 17 } =g - { :, .
| 7 it &ty e i
5"[.'-!':3] :1 z :::: -I gl|-|_1.~£} ity ] (2] i EL]
,.- s Lo ‘I I'.'r|.'i"_1_:| &= iy
v @ty .t} By 65 IS (X0 X))
Sol Xy) SX) TE XK, X)) IT5(X. X2} vO
() U3

{vo, 11} ® vy {vo,v2} @ vy {0, v3} ® v Hl(IS*) = kerdl/imdo

d, = — — — = < {v, 12} ® vy — {vy, v1} ® vy,
1 vO@vO( 1 1 1) v {vo(fvg}é)vcl)—{vo(ivl}®vo>
= KoK



G MICHIGAN STATE UNIVERSITY

Example 2 Ki={{vo}, {v1}, {va}, {vo, v}, {v1, v2}},
K3 = {{v1},{v2},{vs}, {v1,v2},{v2, v3}}.

SulKy)

SRz

Sn(Ka)

T FY
iy & {1'2'-1".1.:'
n @ o, vz}
i @ {vz. v}
vy @& {vy, 12}
vy & {vz, v3}

i &=
Up &ty
i &y
ELY = ity
ih _.'-'_-E Eky
n &ty
U
g ':1: L
1 E ey

{aun,
{1,
{an,
{1,

13| ]- &= {‘r'].1-';g}
i ]' [2s {1"3- 1-":|}
e_z]- = {T'] N 1-';4}

1'3]' = {1"3. 1-";|}

':1.=||. th ]' s iy
'I1.=||. ity ]' s iy
-I:.:n. il ]- g
fin, a2} & wm
'I1=| i l'g]' = Ty
fin, 2} &

Sn(K)

S

5.(K2)

U3
(¢ ® U3
Vo @ \!J (2
{1"|-|. 1-'|_} 4] i

{1'1.1-2} @ ih
{1'1.1-2} @ U
iy @ {1, v}
Ty i1} {1-‘| : 1'3]'
iy & {1-*2. 1.!3]-

fimg, vy } & iy, 19}
iy, vz} & {19}

{1-'| . 1!1]- = {T‘J: 1-‘.1}

15Ky, K1)

IS ({Ky, K3})
I5:(Ky, Ka)
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Example 2 K = {{UO}a{Ul}J{UQ}a{U{):Ul}:{UlaUQ}}a ﬁvz
Ky = {{v1}, {v2}, {va}, {v1, v2}, {v2, v3}}. ? ® V3
Eh:::: z: {ru, m} & {eg. 19}
1 & i {vn, v} @ wz
A vy, vz} & {vg, vg}
iy &ty :ez E:bzi o | Vo @ \J V1

iy @ {1, vz} T, 02} & e, 19}
Jﬁ'r':‘IH] H?]-:l

ISo{ K1, Ka) 151K, K2) 15:( K. K2)

d1({vg, v1} ® v1) = di{ve, 1)) ® v1 + (=D Hwvy, v1} ® d§(vy)
= (v1—vp) @ v1 + (=D vy, v1} ® 0

=v1®v1—v0®vl=v1®v1
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Example 2 K = {{Uo}a{Ul}J{UQ}a{U{):Ul}:{UlaUQ}}a hvz
Ky = {{v1}, {v2}, {va}, {v1, v2}, {v2, v3}}. ? ® V3
A ST A P
1 & i {vn, v} @ wz
@ {r1, v} @ vy, va}
by &ty :';-zi L:{-zi o | vO . \!,) VI

vy @ {1, vz} foy, ]} & {oo, 1}
Jﬁ'r':‘IH] H?]-:l

ISp( Ky, Ka) ISR, Ka) 152Ky, Ha)

dy({vo, v1} ® {vy,v2}) = d%({vo: v1}) ® {vy, v} + (=D, v} ® d%({UL v2})
= (11—vp) ® {1, v} + (=D Ny, v1} @ (v, — vy)

=11 {171» Vz} — 1y & {U1; Uz} — {Uo; U1} R v, + {Vo, U1} X vy
= {vo, v1} @ v + v; @ {vy, v}
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Example 2 K = {{Uo}a{Ul}J{UQ}a{U{):Ul}:{Ula'U2}}: Vv,
Ky = {{v1}, {v2}, {va}, {v1, v2}, {v2, v3}}. ( ® V3
A ST A P
1 & i {vn, v} @ wz
vy @ fvy, v} AvL U@ (v, vl
by &ty Ty i, Uz Vo @ ®
?ﬁzzi.‘z.usi {r1,ve} & {va, v} ) =~ VI
IS (K, K1
ISa{ K1, K2) 151Ky, K2) I5:(K1, K2
{vo, v} ®vir1 o o
{vLva} ®vilo 1 0
d=v1®v1[1 -1 0 -1 0 0] gt} ®vf0 -1 1
v, ®v,l0 0 1 0 1 -1 27 9, @{vy,vd|1 -1 0
v, @ {vy,v3{0 1 0
O 0 1

v, @ {vy, 3}t
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Example 2 K1 = {{vo}, {vi}, {va}, {vo, v}, {v1, v2}}, v,
Ko = {{v1}, {va}, {vs}, {v1,v2}, {v2, v3}}. » ® U3
ot B2 (o} @ o}
i & {va, 12} @ 12 . Vn @ ®
vy @ {1y, vz} i, vg} @ {oy, v} 0 & V1
won  melml et
IS ({K,.K: 1)
150Ky, Ka) I8, (K1, K3) 15Ky, K2) _ 1 & vq [ 0 0 ]
vz X v, L0 1 -1
Hy = kerd,/imd; = O rank is 2. oy ®@viry o o
Hy = kerd;/imd; =<{vy, v} ® vy +{vy,v2} @ v1 > gl zzi gzl 8 _11 (1)
H, = kerd,/imd; = O rank is 3. dy = 1®2{v1 v; L 1 0
v, ®{vy, w230 1 0
v, @ {v,, vs} 0 0 1
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Interaction Betti Numbers

Corollary 3.4. Let f : {Xi}i<i<n — {Yi}1<i<n be a homotopy equivalence between interaction spaces. Then
H,(f) is an isomorphism for any p > 0.

Betti numbers are the dimension of the homology groups on the corresponding

dimension
vy Br({(Xihsisk) = dim(H, (IS, ({Xi}1<i<k)))
BEXL XD =0  BI({KyK;}) =0 o o
ﬁlz({XLXZ}) =2 :812({1(1'](2}) =1
Bs({X1, X)) =0 B3 ({K1,K2}) =0
” Yo @ @) V1

%) U3



fi\ MICHIGAN STATE UNIVERSITY

Euler Char and Wu characteristic

1. Euler char:
© X = Za(=D"dim(Cy) = Xp(—D)"dim(Hy)
2. Wu Char:
* W(G) = Yy~y w(x)w(y) Wwhere x ~ y means simplex x intersect with simplexy
© () = (~Ddm=
cw(GxXH)=wl@)wlH)
- w(GUH) =w(G) +wlH) —w(GnH)
3. Higher order Wu char
» W (G) = Ty mxy ooy, 1= 0 (%)

- w1(G) = x(G)
« w2(G) = Xpp20(—=1)PB5({G, G}) where B is the pth interaction betti number
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Wu char of 2-simplex

9A2]  {0},{1},{2},{0,1},{0,2},{1,2}.

({0}, {0,1}), ({0}, {0, 2}), ({1}, {0, 1}), ({1}, {1, 2}), ({2}, {0, 2}), ({2}, {1, 2}),
({0,1},{0}), ({0,1},{1}), ({0, 2}, {0}), ({0, 2}, {2}), ({1, 2}, {1}), ({1, 2}, {2}).

({0,1},{0,1}), ({0,1},{0,2}), ({0, 1}, {1,2}), ({0, 2}, {0, 1}), ({0, 2}, {0, 2}),
({0,2},{1,2}), ({1,2},{0,1}), ({1, 2}, {0, 2}), ({1, 2}, {1, 2}).

w(@A2]) = ) (-nFmotinT =3 _124+9=0.  (AA[2]) = D (-1)'B2,i(A[2)) =0 —1+1=0.

o~T i>0

w(A[2]) = ) (~1)dmetdimT =3 12415 -6+ 1= 1. w(A[2]) = Z(—l)i/@Zi(A[Q]) = 1.

an~T i>0
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How to compute Interaction Betti Numbers?

Let B, be the matrix representation of the differential

dp: 1Sq({Xit1<i<k) = 1Sa—1({Xit1<i<k)

BEAX <isk) = dim(ISp) —rank B, — rankB,4
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Persistent Interaction Homology

Interaction homology H, is a functor from InteractionChains to Vec
Let IC,(K,) be an interaction chain complex for each a so that
Filtration: IC,(Kg,) € IC,(Ky, ) © - € IC.(Kg, )

Induced maps: H,(IC.( Kg,)) © H.(IC,(Kq, )) © - € H,(IC,(Kg )

* Persistent classes (a,b)-persistent Mayer homology
Hy () = im{H, (IC.(K,)) - Hy (IC.(K}p))}

* The rank of Hy, 4 py is the interaction (a,b)-persistent Betti numbers.
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Persistent Interaction Barcodes

(a) (b)
Interaction part * D - X UX,
e=0 0.0 0.5 1.0 15
(c)
X1 NnX,
X, | , | |
e=1 0.0 0.5 1.0 15
(d) ‘
X @7 =
: : // — IC,({X1, X2})




fi\ MICHIGAN STATE UNIVERSITY

Interaction Laplacian

(Ul®"'®gn;7_1®"'®7_n> :H(J?]:Tz'):
=1

1, o=m;

where 01 ® - Q@ 0p, 1 ® -+ R Ty, € nC*Kt- (J,T>={ :
! ! ,@ (K:) 0, otherwise.

The pth interaction Laplacian A, : IC,({Kiti<i<n) = IC,({Ki}i<i<n)
Ap :=(dp)* 0dp +dpi10(dpy1)”, p2>0.

L,=ByB. + B. Bpyi.

Proposition 2.3. IC,({Ki}i<i<n) = ker A, @ imdp+1 @ im(dp)*. Here, ker A, is
isomorphic to the interaction homology H,({K;}1<i<n)-
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Example 2 K= {{Uo}a{Ul}J{UQ}a{U{):Ul}:{UlaUQ}}a v,
K3 = {{v1}, {v2}, {vs}, {v1, v2}, {v2, vs}}. * ® Vs

{ti. 1y } 8@ 1y

{?'1-1-‘2} = ih {1""' ! ]' = {'i"| ; 1-*:}
& {th, 2} B

vy @ 1y, v} fo, v} @ {1}
Yz :-; 'i"a- ?'E‘ 'j';' {1-'| i {:?]-

'i"-z'ﬁ{-{vg.{:;]- {1'1"'-:-"]' = {'i"l-"":‘l}

IS, ([ K. K:})

ISulK1, K1) 18Ky, K3) ISa(Ky, K1)
3 0 2 -1 0
Lo=BBl=[7 | Lo=BBf={ -1 4 -1].
o -1 2
3 -1 0 0 0 1
1 2 -1 0 1 0
L.=BTB,+B,BIT=] 0 -1 2 0 0 0
P o e 0 0 0 2 -1 0
0 1 0 -1 2 -1
1 0 0 0 -1 3

Spe_C(LO) = {3? 3}
Spec(L;) = {0,3-/3,2,3,3,3+ V3}
Spec(Ly) = {3 —V3,2,3 + V3}.

BE{K1, K1) =0

BE({K1, K.} =1
B3({K1, K1) =0
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Persistent Interaction Laplacian

e, dp
ICpi1 (F(a) T fGF@) —— = 1C(Fla)
p+1 P
b a,b (d;fl) b
9:+1 ICP-,Fl 9§’b 9;’ 1
d i
ICp41(F (b)) > IC,(F (b)) ICp-1(F(b))-

The p-th (a,b)-persistent interaction Laplacian A%P : IC,(F(a)) — ICH(F(a))
is defined by

a, a,b a,b a
A b _dp—l—l (dp—l—l) ( ) Odp'
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Where will interaction homology be a good tool?

1. Multi-component systems

- protein—ligand complexes, host—guest chemistry, multi-cluster nanostructures (like carboranes,
metallofullerenes)

2. Social or communication networks
« bipartite or multi-layer graphs (users < products, authors <* topics)

3. Multi-brain or multi-sensor neural data
« hyper scanning EEG (brain—brain interaction), multi-sensor fusion
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Structural Analysis of Closo-Carboranes

C,B3Hs

(c)

(2)

(1)

« 0.5

0.0

<2

<2

Interaction between
{CZB3}' {CZHS}

{C2B13},{C;H;s5}
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Different Configurations

C,B3Hs has 6 possible configuration where C,B13H,5 has 135 configurations

(m)
10.
(a) (b) (©) 00 BsHs-3
0 :. ————— eae——. .: 0 75 C2B;Hs-4
| | —— (3B3Hs-5
I |} h-g 50 — CzB3H5-6
| I
> D ) © | C )
1 1 2.5
) I I
. : : : ‘ : ‘ 0.0
5.03A i 4.79A | 4.39A 0 1 2 3 4
__________ £
(d) (©) 6 N (n)
(®) ! 10.
) 0 ——— (3B3Hs-1
7.5 C,;B3Hs-2
o 0 C O G 0 —— (C;B3Hs-3
< 5.0
Y ( v ‘ ; j 2.5
4.41A 4.40A 4.40A
0.0 —
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6 different configuration of C, B;H<

Relative enthalpy AFE = E(X) — E(C;B3Hs-5) = E(X) — 153.810980788.

C9BsHs | C2B3Hs-1 | C2BsHs-2 | CoBsHs-3 | CoBsHs-4 | C2BsHs-5 | CoBsHs-6

AFE 0.078485 0.033149 0.000178 0.000026 0.0 0.0

(m) (n)

10.0 1000 BiHs1

7_5 75 — CzB3H5—2

—— C,B3Hs-3

< 5.0 < 5.0

2.5 2.5

0.0 0.0 ——U
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Comparison of chlorophyll-a and chlorophyll-b

1. Chlorophyllis a green pigment found in plants, algae,
and some bacteria. It enables photosynthesis, "
converting light energy into chemical energy. )= Chlorophyll a

2. In our model, we define two interacting
components:
« {C, H, O, N} — structural and energy-propagation part

(b)
« {N, Mg} — energy-absorption and generation center ‘ Chlorophyll b

3. Chlorophyll-a (CssH720sN;Mg) and Chlorophyll-b ,
(CssH7006N4aMg) differ mainly by an extra carbonyl L~ ™Y
group in chlorophyll-b.
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() (d)
60 Chlorophyll a 60 Chloraphyll b
=3 =
- -
20 20
5 5
=3 B3
14 1
1 2 3 4 5 6 1 2 3 4 5 6

Filtration parameter, £ Filtration parameter, £
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