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Standard homology

B,
* Chain Complex * Homology
. C*C3§C2d—2>61d—1)co -0 ° Hn(C*) — Zn(C*)/Bn(C*)
- Chain groups: C,, = spang{n — simplices} = kerd,/imd;,+1

- Chain maps: d,,: C,, » C,,_{ Whered? =0

Computational Topology: An Introduction, Edelsbrunner, Harer
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Mayer homology

= N-Chain Complex = Homology forany1 <g<N-—1
= C,:ioCs 4 C, & C, 4 Co— 0 = Hy(c) = 2,7(c.) /By(C)

_ i) IN—
= C, = spang{n — simplices} = kerd?/imd"™ ™1
= d,:Cp > Cph_qwhered" =0 = HY(C) = @, Hy(C,)

Persistent Mayer Homology and Persistent Mayer Laplacian, Shen, Liu, Wei
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Mayer homology history-timeline

1.

Mayer, A new homology theory, 1942
. Introduced the notion of N-complex as dV¥ = 0

Spainer, The Mayer Homology Theory,1949

* If coefficient field has characteristic p, Mayer homology will coincide with standard homology.
Dunois-Violette, d¥ = 0, 1990

*  Formalized Mayer’s construction in the language of N-complexes and generalized homology
Kapranov, On the gth analog of homological algebra, 1996

*  Construction of simplicial complex by using N-th primitive root of unity

Tikaradze, Homological construction on N-complexes, 2001
*  Euler Poincare formula that is generalized Euler char for Mayer groups.
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Mayer vs Standard homology
Let 0*([vg, -, ] ) = [vo,, D}, -+, V] be the face map

= Standard simplicial chain map
" dp = ?:O(_l)ialn
=d?=0
= N-invariant simplicial chain map

27TL

o dp =Y () vg, -+, Dy, e, V] Where € is the Nth primitive root of unity (§ = e V)
= dV = (To (L + &+ + SN B ey E1FH70), - 0
= 1+&+ -+ &N 1=0impliesd’ = 0



fi\ MICHIGAN STATE UNIVERSITY

Mayer Homology for N=2

g€ (and§=—1,dy= ) (o, B val = ) (=D vo, =, By, i
=0 =0

4 pl\

//z\ ~L z\ \
Cy: C3—>C2—>Cl—>C0—>O
H(C) = z2 () /BEM(C,) = kerd!/imd" = H,(C,).
- Mayer homology for N=2 is the same with standard homology
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Mayer Homology for N=3

o

n
1 .
qe{l2}and § = —=+i = dy= ) (Oi[ve, By, vy

For g=1

d? d d?
CoiCpyp 2 C o Cpq o

- HY'(C,) =zt (c)/BN(C,)
= ker d'/imd?

For =2

d? d
CiioCpy1 2> Cpp >

- Hy?(C) = zy*(C)/By*(C)
= ker d?/imd?
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Mayer homology for general N

Hrly’l(c*) = Zrlyyl(c*)/BIIY’l(C*) — it (C'n+N—1dN—1 Cp —2 Cn—; s Coy —5 Cpy s
= kerd!/ima"1! — a : i y
/iz{cﬂ+N—2dN2 Cn & Cn—2 i C’n,—N 4 Cn—N—2dL2" e
N,2 N,2 N,2 )
Hn (C*) = Zn (C*)/Bn (C*) d id d id d
= kerd?/imd" 2 : : : : :
d id d id d
e dN—1 49 1 aN—a 47 aN-a
Hy (€)= 2,1(C.) /By (C.) — G T Oy T G
= kerd?/imd"~4 a id a id d
N,N-2 N,N-2 N,N-2 i i
Hn (C*) = ZTl (C*)/Bn (C*) av-2 ‘ 42 : v -2 ‘ ) 42 ’ N2 ’ 42
— ker dN—Z/ide « Cn+2 Cn Cn-nN+2 Cn-n Cn-2nt2 —>
d id d id d
N,N-1 N,N—-1 N,N-1 o N1 ) N1
HTL (C*) = ZTL (C*)/Bn (C*) ¢ d Gn+1 4 Cn 4 Gn—N+1 d Ch-n 4 Cn—2N+1 d—>

= kerd""1/imd?
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P o o N N
®© 0O

Co =< Vq,Vy,V3,V4 > (1 =< Vq3,V13, V14, V3q > C; =<v134>=C
— 4 = ¢*
Vip Vi3 Via Vsa ey Vs v s V134 V134
Ve /E E 0 & vy /=1 -1 0 —1 V12 / 0 V2 /0
g-v2(1 00 0) w1 0o o ol , _vis&|_vis[ 1
7 wvlo 1 &€ 0 vzl 0 1 -1 0 27 v\ & |7 via| -1
v4\0 0 1 1/ v+\0 0 1 1 V34 \ 1 V34 \ 1

H'=C H=0 HZ'=0.(Lecture 2, Jones)
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Example N=3, g=1 0%, %0, %e, %0
Vi2 Vi3 Via V34 V134 2134 2
vy /E E E O V12 /0 zl § -(I)_f
_v[1 0 0 0 _ Y3 &) ad, = 2| L,
d1_773 0 1 0 ¢ d2_7714 & ZB’ 74§
v \0 0 1 1 V34 \ 1 4\ 1+¢
. d,d, d
. Hg"l = 23»1/88»1 = Cp/im(dd,) + f C,:0 - C, 13 CO_)OQ
= <V, Uy V3,0, >/<A+ &+ (E2+)vs+ (1 + vy, >
= < Uy, VU3,V >/< — &V —v3 —E%uy > = C "( d,ds  d4 |
o HY' =731 /B3 = kerd,/im(d,ds) = 0 since d; has rank 4~ &0 ==C1 =2 Co = 0
« H'=77"/B3' = kerd,/im(d;d,) = 0+ DN
L wU— 2—) 1 )
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Example N=3, q=2

V12 Vi3 Via V3g V134 V134
vi /6 E &€ O Vi2 /0 vy /&3 + &2
_Vv2[1 0 0 0 _ V13| &2 7 0
“=vl0 1 0 ¢ 2=yl | dd2= §2+¢
V4 \O 0 1 1 V3s \ 1 Vs \ 14¢
I~ d )
o HY* =73%/B3? = Cy/im(d;) < Ci0—>C=>Co—0 |

= <V, Vg, V3, Vs >/<Vp +EV1, V3 + 01,04 + &1, 04 + f”s >=0
since d; has rank 4.
 Ca0-C —> Ci—0
« H}* =7}°/B}* = C1/im(dy) e J
= < V12, V13, V14, V3g >/< V3g +E0pg + E%013 > = @3(
o H}* =7)%/By* = ker(d,d,)/im(ds) = 0 « |

N

d d.d d
c*:o—iczl—"ico—ﬁ’o]
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Example N=3, q=2

V12 V13 Via V34 V134 V134
vi /6 E &€ O V12 /0 vy /&3 + &2
V21 0 0 0 V3 [ &2 v, 0
= d = =
G=vlo 1 0 g T vl T | 2
V4 \O 0 1 1 V3s \ 1 Vs \ 14¢
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Mayer Betti Number

Betti numbers are the dimension of the homology groups on the corresponding
dimension

N
bn 4 = dlmH
M©bius trip Hexagon
1 2 0 1
simplicial complexes | Bo1 | Bi,1 | B2,1 | Boz | Pz | B2e 5 2
A[3] 1 1 0 0 2 0 S—— : 4
OA[3] 1 0 0 2 1
Torus Octahedron
Hexagon 6 0 0 0 6 0 0 2 0
Mobius trip 1 6 0 0 6 1 o 4 s 5
Torus 1 18 0 0 9 10
Octahedron 1 3 1 0 2 3 677 8 6
0 1 2 0

Persistent Mayer Homology and Persistent Mayer Laplacian, Shen, Liu, Wei
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Euler Char and Poincare Polynomial

1. Euler char:

« x = X(=1)"*dim(C,) = Y ,(—1)*dim(H,)
» 2-exact sequence :
 Vanishes at 2-exact sequences (kerd = Imd)

2. Poincare polynomial :
1

¢ P(§) = Tn(O" dim(Cy) = T

- N-exact sequence : kerd? = Imd"~4 for all q

Zn(f)"(dim(H,]:]’q) —dim (HTI:I’N_q)) , 2001 Tikaradze

 Vanishes at N-exact sequence, 1996 Kapranov
« When N=2, it coincide with Euler char
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Mayer Betti Number is not an invariant

3,1 -1 0 1T0ru52 0 ; , . ; 3,1 -0
'Bizllz 18 a4 8 13 ) ,Bf’;1= 14
ﬂ%’Z ~) 6/ 7/ 8 : '323’2 =0

0o = 0 ° : : ) 0 = 0

;=9 U B S M A AN ve=7

32
23'2:10 ; — 7
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Where will Mayer Betti Numbers be a good fit?

1. Example of two different size of loop
* Functional networks

* In biological or gene networks, a small loop (triangle) often indicates strong local feedback or motif (like a
regulatory circuit).

* Alarge loop may indicate a long-range interaction pathway, or a cycle involving many nodes with weaker direct
influence.

+ Social networks
* Small loops = tightly knit communities (triangles = strong clustering).
* Large loops = loose associations or bridges connecting communities.
2.  Network comparison / classification - Loop-size sensitivity allows you to detect:
 Local motifs detection
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How to compute Mayer Betti Numbers?

Let M,! be the representation matrix of dy_g41 - dp_1dp: C - Cpq
=dimC,, — rank(Mq) — rank(M +N q)

The fundamental exact sequences:

0- 215 ¢, —>BNN 150
O—>BN’q—>ZNq—> HNq—>O

Coefficients from a field= split ie C;, = ZNqGBBNN T and ZN’qz N’qGBBN’q
dim(C,) = dim(z,'?) + dlm(BNN 1) = dlm(HN 7 + dim(B)"?)+ dlm(BNN 1
dim(C,) = ,Bn 44 rank( N q)+ rank(M,!)
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Persistent Mayer Homology

* Mayer homology HMis a functor from Nchain to Vec for each 1 < q<N-1
Let C,(K,) be a N-chain complex for each a so that
Filtration: Ci(Kq,) € Ci(Kg,) © - € Ci(Ky,,)

Induced maps: H."(C.(Kg,)) € H,"(C.(Ky,)) € -+ € HU(C.(Kg,))

* Persistent classes (a,b)-persistent Mayer homology
N, . N, N,
Hp, 4y = im{Hy, 7(C.(KQ)) = Hyp ' (C.(Kp))}

* The rank of Hﬁ’&’b) is the (a,b)-persistent Betti numbers.
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How to visualize the elements in the persistent module

00 N,
Hq =@;=1 H. q(Kal-)
x:Hy = Hy so that x: H,"(K,,) > HY(Ky,, )
H, is C[x]-module where (f(x). @) shifts the a with x component

C[x]-modules will have decomposition since C[x] is PID

H, & (GB Clx] “ap,| | D (@ Clz]/z° {Bs. |

Born at time b, never vanishes Born at time b and vanishes at b + c,
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Persistent Mayer Homology example

I’0 I’,I I'2 I"3 I"4 I'5 l'6
. - e
A 4 BN - -
P o« & . $ . (%, <
N N ~ / ‘\‘\
. L A -
. . . « o (:
. . . L] L] -
Filtration
N=5
N=3
o
N = =
-] 8 I
H 3 <
. 5 5 o
N=2(classical) b g g
1.0 —
o 61 -
k=1 k=1
i) @
D 44 P05
g <
© @©
= 24 = - 154 — g=1
q=1 iy
— ‘ 00— = . o6 - =2 261 o 4=2
Mo nnnats fo nnnars o f E z g, g 104 — a3
Filtration Radius Filtration Radius @4 o Q o 9=4
D) g 2 3 S 54
g g g2 :
0 —— 0 , 0+ 0+
ro nryrrgfrs re ro rnry rargfrs re r' o e o Y : L5 A 2
S 7 il ; 0 nr2rarafs e o nrarsrgls I's
Elfiration adius Fliration Radlus Filtration Radius Filtration Radius

Shen,
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The fullerene C60 (Left) and the cucurbit[7]uril CB7

Bos [
N=2|:B 450 N=2 Bo,1 756
1,1 ﬁl‘ 1
70 406
. 161
§ 150 »
E T g
5 Bo.1 5 [ 126
P = Bo.1
g Bi1 90 o
g 2 Bi1 105
@ Bo,2 <]
T E B
Biz § o
N5 42 T 8 70
Bo.3 N=s| P12
Br s Bo,3 42
30
Bo,a B3
B1,a Bo,a 21
- 0.0 0.25 0.5 0.75 1.0 1.25 . . 2.0 0 B1,a
Filtration Radius (&) T 00 . 0.5 0.75 1.0 1.25 1.5 1.75 2.0 0

Filtration Radius (A)
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Persistent Mayer Diagrams

r-Wasserstein Distance for Persistent Diagram A
1/r :
/ .
W.(D,D) = nf (ZD Iz — 'r(a:)lllf) .«
TE . ®
e
r-Wasserstein Distance for Persistent Mayer Diagram
N—_1 1/r
Wr({Dg}1<q<n-1,{D }1<q<n-1) = (Z W.(D, D')r)
g=1
When r = o, Shen showed that PMD is stable under e
Bottleneck Distance
dp({Dg}1<q<n—-1,{DPgti<q<n—1) = sup inf _ sup |z —y(z)| >

1<g<N—-17"DPe=Dg zeD,

https://gudhi.inria.fr/python/latest/bottleneck_distance user.html
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Mayer Laplacian on N-chains

A, O=T;
A — ? Y
(Ao, i) { 0, otherwise.

Mayer Laplacian A, , := (d9)* o d? + dV %0 (dVN~9)*.

L,=BYB)T + B TBN-¢

An,q — (dn)* O+++0 (dn_q+1)* Odn_q+1 O+++0 dn +dn+1 O:+++0 dn-l—N—q o (dn+N—q)* O+++0 (dn+1)*

— 7T =T ——T =T
Ln,q = Bn . .aBn_q+an_q+1 .. -Bn +Bn+1 .. an+N_q Bn-'-N—q .. .Bn+1.

For anyn and 1< q < N —1, we have dimker A, ; = Bn. 4-
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Persistent Mayer Laplacian
Lived from a to b in the filtration under g map
Cot={zeChld zcCo [}, 1<g<N-1.

a d2
dn+N—q,N—q ™4

a a a
Ce ce : ca_,

M (dn,q) M

)*
.a,b .a -a,b
-771.+N—q Jnyb jn—q
d} d?,

b n+N—g,N—q b mn,q b

C'ﬂn—|—N q Cn Cn—q

b
gt = (ds ) o ds , + Ay ng© ([l n_gn—g)”

Ara(D), A (2), - ARG(r),
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The fullerene C60 (Left) and the cucurbit[7]uri| CB7

Bo.1
756
408
181
126
Boa
B 105
Bo.2
Bra 70
Bo.3 42
Bz
Bo.a 21
31 a o

0.2 05 075 10 126 1.5
Filtration Radius (A)

= : \ . 36.38
N=2] X \ N=2
: 6.36
N3 7 S 3.03
! 288 :
o 151
Ao 1.64 o
Ma | 0.98
doz 073 048
Mz 2
N=5
Ao3 0.26 2 0.32
N=5
Ava .
o, 047 0.16
A
: a 0.05
Y : 05 075 10 125 ; 20 0%
Filtration Radius (A) A, 4 000

0.2 05 075 1.0 125 1.5
Filtration Radius (&)

Harmenic Channels

Harmonic Channels

4
i
o

Non-harmonic Channels
Nen-harmonic Channels
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PMH learning models for drug design

Mayer-nomology learning prediction of protein-ligand binding affinities
Hongsong Feng, Li Shen, Jian Liu, Guo-Wei Wei

/ - \
Persistent
> homology
N=2 220
Bos By, B2

a3 =0
N=3 ﬁo,t- ﬁl,t: BZ,I
Bo2: P12 Ba,2
7 of@)b
Bo1» Br1s B
N=5 Bo2 P12, B2z
Boai P13, Ba3

ﬁu,q; 181,4‘ BZA -
Training or
Persistent Mayer predictions
\ homology /

Persistent Machine
Mayer homology Learning
features predictions

Element-

interactive
filtration

o Element-
Protein-ligand specific
complex
atom groups

Figure 3: The illustration of persistent Mayer homology feature extraction for a protein-ligand complex (PDBID:
1A94) and the subsequent machine learning model development.
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Protein Data Bank(PDB) bind dataset

The PDBbind dataset is a collection of protein—ligand complexes — each one being a 3D geometric
configuration of atoms.

Each complex :
X = {(x;, t;, 3Ly

where:

+ x; € R3are atomic coordinates,

* t; denotes the atom type (e.g.,C,N,O,S, ...),

 q; represents partial charges or other local chemical features.
Each complex comes with an experimentally measured binding free energy, AGy;,,4 , Which quantifies how
strongly the ligand binds to the protein..

The dataset as:
M

A supervised learning dataset
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Protein Ligand Complex > feature vector

1) Vertices:
+ Proteinatoms: Sp = {C,N, 0, S}
+ Ligand atoms: S, = {C,N,0,S,P,F,Cl,Br,I}
+ 36 combination of P-L bind

2) Edges: N ?«'.'
Interaction Regions : :\%;, 7\3 1
« Sy_y :allligand atoms and all protein atoms within distance c of them »,{’-"u ()%
(Q\tg\ \3 = ~’l\/I'
S¢_y = {a|a € X,mind(a,b) < c} u{blb e Y} fié—;v‘j&l’:'
yeB ”ﬁ\{% 5™
Distance: The FRI function (Flexibility-Rigidity Index) oYy %\ 7

+ The FRI metric replaces raw distances with a smooth decaying function:
dGi,f) =1=e~ru/md oy =1(n +7), dpuc(in) = 7
This function:

*  1;van der Waals radius- personal space of atom e Element-
. . . rotein-ligan :
+ Itreflects interaction strength rather than pure distance. complex Specific

atom groups

Element-

interactive
filtration

. Kelin Xia, Kristopher Opron, and Guo-Wei Wei. Multiscale multiphysics and
multidomain models—flexibility and rigidity.
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a Protein-ligand complex b PMH N=2
H, &8 H,
H, E H,
- * =
H, .7 7‘7'. H,

c d
150
4001
Bo B 100
2001 50
01 0L
e f
q=1
q=2 150
400 ik
Bo i B 100
200
50
0 0L,
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Persistent Mayer Homology features

gu—
I | PMH2(P!2  FRI% VR) . o N
epeg ;P, e, Length sum of all Betti-0 bars. Eersisltent
N PMH2(PS,, FRI, VR) Length sum and birth sum of Betti-0, Betti-1, and Betti-2 =2 ‘g;‘"fgy
. II PMHZ(Pgm, FRI, VR) bars for protein, complex, as well as the sum differences by
= b . Bo, By, Bz
o etween protein and complex.
FIJ == I PMH2(PY ,EUC** VR)  Counts of Betti-0 bars with ‘death’ values within each i5=0
3 ep € Sp, el € Sy interval: [0,2.5], [2.5,3], [3,3.5], [3.5,4.5], [4.5,6], [6,12]. sea Bows P o :
s PMH2(P?. EUC. Aloh Length sum of Betti-1 and Betti-2 bars with ‘birth’ values Bo:z' ﬁl:Z' B2:2 .
v (Pay, EUC, Alpha) within each interval: [0, 2], [2,3], [3,4], [4,5], [5,6], [6,9]. )
PMH2( P[;?ro’ EUC, Alpha) The .sum differences between complex and protein are also =
0 L considered.
T PMH5(PIZ, EUC, Alpha) go.v gm' gz.l
= Br.q (k=0,1, q=1,2,-- - 4) over filtration parameter range N=5 Po2: P12 P22
g
n.‘ ep € Sp\{C}, el € S U {H} from 0 to’IEJ Witl,l ;tep;ize of 0.2. Bo3: Bu3: B2
% ep € {C}, el € S; U {H]} Br,q (k=0,1, q.=1,2,- - --,4) over filtration parameter range Bo.as Bras B4
(23 from 0 to 8 with stepsize of 0.5. Persistent Mayer

\ homology /

No. of estimators Max depth Min. sample split Learning rate

20000 7 5 0.002
Max features Subsample size Repetition : S
Square root 0.8 20 times Persistent Machine
Mayer homology Learning
Table 3: Hyperparameters used for build gradient boosting regression models. features predictions

Final = the consensus of Model-PMH2 and Model-PMH5
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Yoroq = YpMH2 + YPMHS _ YpmH2 t YpmH5 T YNLP
pred 2 \ Ypred = / 3
Dataset PMH Transformer PMH+Transformer
PDBbind-v2007 | 0.824(1.95)  0.795(2.006) 0.837(1.907)
PDBbind-v2013 | 0.787(2.036)  0.791(1.977) 0.807(1.982)
PDBbind-v2016 | 0.834(1.755) 0.836(1.716) 0.851(1.701)
Average 0.815 (1.914)  0.807 (1.9) 0.832 (1.863)

Table 4: Modeling performance of different strategies on the test sets of PDBbind-v2007, PDBbind-v2013 and
PDBbind-v2016. Pearson correlation coefficient and root mean square error (unit, kcal/mol) are the two evalua-

tion metrics.
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Pred. Bind. Affi. (kcal/mal)

-16 -12 -8 -4
Expe. Bind. Affi. (kcal/mol)

Pred. Bind. Affi. (kcal/mol)

16 12 -8 -4
Expe. Bind. Affi. (kcal/mol)

4
-8

12

-164
-6 12 -8 4
Expe. Bind. Affi. (kcal/mol)

Pred. Bind. Affi. (kcal/mol)
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